Vortex lines are one-dimensional extended objects in three-dimensional superfluids. Vortex lines have many interesting properties, including Kelvin waves, exotic statistics, and possible entanglement. In this paper, an emergent "quantum world" is explored by projecting helical vortex lines. A one-dimensional quantum Fermionic model is developed to effectively describe the local fluctuations of helical vortex lines. The elementary excitations are knots with half winding-number that obey emergent quantum mechanics. The Biot-Savart equation, and its Kelvin wave solutions on helical vortex lines become Schrödinger equation, and the wave functions of probability waves for finding knots, respectively. This work shows an alternative approach to simulating quantum many-body physics based on classical systems.
Another interesting issue of vortex lines is the entanglement between them. In mathematics, vortex-lineentanglement can be characterized by knots with different linking-numbers. Kelvin developed an early atomic theory that is linked to the existence and dynamics of knotted vortex-rings in ether. Although the fundamental structure of atoms is irrelevant to knots, researchers have attempted to entangle two vortex lines to realize knots in experiments. In recent years, knotted vortex lines have been produced in water and thus people could study them under controlled conditions in the laboratory [7] . A simple knot of vortex-rings was been experimentally realized in a Bose-Einstein condensate of an ultracold atomic Bose gas [8] .
In addition, the classical statistics of vortex lines is nontrivial. It was pointed out that vortex lines may be entangled with each other, in analogy with a superfluidity transition in a Boson system. The winding-numbers for vortex lines could be mapped onto Boson world lines in the Feynman path integral formulation of superfluidity in two dimensions. The mean square winding-number of the world lines around the torus can be exactly ex- * Electronic address: spkoubnu.edu.cn pressed in terms of the renormalized superfluid density of the equivalent quantum Bosonic system [9] . As a result, classical entangled vortex lines could be formulated by quantum mechanics [10, 11] .
In this paper, we study (perturbative) helical vortex lines (See the illustration in Fig.1.(a) ). On one hand, the system can be regarded as vortex lines with Kelvin waves of fixed wave vector; On the other hand, a periodic winding pattern can be regarded as a crystal of knots that is characterized by a uniform density of winding-numbers (see detailed definition in the following sections). Under perturbations, the helical vortex lines fluctuate, and the corresponding periodic winding pattern is deformed (see Fig.1.(b) ). Emergent quantum theory is developed to describe the local fluctuations of helical vortex lines. In particular, the geometrical Kelvin waves turn into "probability wave" for finding knots and the functions of Kelvin waves become the wave functions for knots (or the winding-number density). As a result, this work paves a new approach to simulate quantum many-body systems.
Vortex line and its Biot-Savart mechanics. The superfluid vortex filament is a classical object that is described by the Biot-Savart equatioṅ
where κ = h/m is the discreteness of the circulation owing to its quantum nature [2] . h is Planck constant and m is atom mass of SF. r is the vector that denotes the position of the vortex filament, and s denotes the integral variable along vortex line C. In 3D space {x, ξ, η}, to provide more explicit expressions for a vortex line, we introduce a complex description on the ξ-η complex plane, z = η + iξ = |z| e iφ where |z| is the amplitude and φ is the angle in the ξ-η complex plane. Under local induction approximation [12] and a simple geometrical constraint ǫ(x 1 , x 2 ) = |z(x1)−z(x2)| |x1−x2| ≪ 1, in terms of the complex canonical coordinate z(x), the Biot-Savart equation can be written into a pseudoSchrödinger-equation [3] 
2 , where ℓ is the length of the order of the curvature radius (or inter-vortex distance when the considered vortex filament is a part of a vortex tangle) and a 0 denotes the vortex filament radius which is much smaller than any other characteristic size in the system. For a plane Kelvin wave of a lightly deformed straight vortex line, z(x) = r 0 e ik·x−iωt , the dispersion is obtained as ω ≃ (
We then discuss the physical quantities of the Kelvin waves along winding direction (xdirection), i.e., the projected angular momentum J x , the projected momentum p x and the projected energy ∆E x .
A general definition of the total momentum (the Lamb impulse density [13] [14] [15] ) for a vortex line is [16, 17] 
where ρ s is the superfluid mass density. ω = ∇ × v is the vorticity field and v =ṡ. The projected (Lamb impulse) momentum along the x-direction p x of a vortex line with a plane Kelvin wave is obtained as [18] 
k that leads to the projected (Lamb impulse) momentum density ρ px = 1 2 ρ s κr 2 0 · k. l is the length of the system in x-direction. Similarly, the total angular momentum (effective angular momentum from the Lamb impulse [15, 17] ) for a vortex line is defined by
The projected (Lamb impulse) angular momentum along x-direction of a vortex line with a plane Kelvin wave is given by [18] 2 . In addition, the projected (Lamb impulse) energy of a vortex line with Kelvin waves is defined by the canonic Hamiltonian equation ω = ∂E ∂Jx or J x = ∂E ∂ω that gives ∆E x = J x ∆ω. The corresponding projected (Lamb impulse) energy density becomes ρ E = ρ Jx · ∆ω [18] .
The "strange" relationship between the projected momentum/energy and the wave-vector/rotating-velocity along x-direction comes from the Lamb impulse in the Biot-Savart mechanics for vortex lines. Remember that the vortex lines are not physical entities, but dynamic objects in which the flow in a fluid rotates around an axis line.
Kelvin waves of perturbative helical vortex line. In this paper, we consider a helical vortex line at zero temperature and assume the stability of the system shown in Fig.1.(a) . The helical vortex line is described by a complex field, z(x, t) = ξ(x, t) + iη(x, t) = r 0 e ±ik0·x−iω0t+iφ0 where r 0 is the winding radius of vortex-line-B that is set be constant, k 0 = π a > 0 and a is a fixed length that denotes the half pitch of the windings. φ 0 is a constant angle. ± denotes two possible chiralities: left-hand with clockwise winding, or righthand with counterclockwise winding. In particular, there exists a constraint, i.e., ω 0 ≃ (
. This constraint indicates that the function of the helical vortex line z(x, t) is an eigenstate of the Kelvin wave.
First, we study the Kelvin waves by perturbing the helical vortex line. The plane wave for the perturbative helical vortex line is described by z(x, t) −→ z ′ (x, t) = r 0 e ik0·x−iω0t+iφ0 e i∆k·x−i∆ωt where e i∆k·x−i∆ωt denotes the perturbation. Under the perturbative conditions |∆k| ≪ k 0 and ∆ω ≪ ω 0 , the dispersion is given by ∆ω ≃ c eff ·∆k. From the linear dispersion of the relativistic Kelvin waves, we define an effective light velocity c eff as c eff =
As the velocity c eff only depends on the microscopic parameters, we may regard c eff as "light-velocity" and the invariance of the light-velocity becomes a fundamental principle. Winding-numbers and projection representation for helical vortex lines. In the previous section, we discussed the Kelvin waves for a perturbative helical vortex line and obtained their dispersions. However, the Kelvin waves describe the dynamics of system but not its windings. Helicity has been introduced to characterize the self-winding behavior of a helical vortex line, h = (ω · v)dV . In this paper, we introduce the concept of winding-number (or linking-number) density and use the density of crossings between a helical vortex line and a straight line in its center to describe it. To characterize the winding-number of helical vortex lines, we introduce a topological invariable -the Gauss linking-number L for a system of a helical vortex line and a straight line in its center as
where s denotes the integral variable along helical vortex line C 1 and s 0 denotes the integral variable along the straight line in its center C 0 . The straight line is described by the constant, z(x, t) ≡ 0. For the system shown in Fig.1.(a) , the Gauss linking-number L corresponds to the winding-number of a vortex line around the other. There is a condition between the lengths of the helical vortex lines and their linking-number (winding-
where r 0 is the distance between the two vortex lines, l and l 0 are the lengths of helical vortex line and straight line in its center, respectively. The density of the winding-numbers is uniform, ρ wind = L l0 . To locally characterize the windings of helical vortex lines, we define the projection via a projection angle θ
Thus, the projected helical vortex line is described by the function ξ(x, t). A crossing between a helical vortex line and a straight line in its center corresponds to a solution of the equationP
that is ξ(x, t) = 0. We call the equation knot equation and its solution knot solution. For a helical vortex line, from the knot solution ξ(x, t) = 0, we get the knot solutions to be ±x(t) = a · n − a π ω 0 t where n is an integer and θ = − π 2 + φ 0 . From the projection of a helical vortex line, we have a 1D crystal of crossings. See the illustration in Fig.1 (the red dots denote the crossings that form a 1D lattice). Because the winding-number of helical vortex line is half of crossing number, each crossing corresponds to a piece of helical vortex line with half winding-number. We call the object with half winding-number a knot. As a result, the system can be regarded as a crystal of knots. It is obvious that the global rotation doesn't change the winding-number density. For a helical vortex line with ω 0 = 0, we have a coordinate transformation by a finite velocity of the system,
Knot -elementary winding of a vortex line. From the above discussion, the winding-number density becomes a physical quantity to characterize local windings of a helical vortex line and the element of the projected helical vortex line is knot with half windingnumber that corresponds to a crossing of a helical vortex line and a straight line in its center. We then discuss the local fluctuations of a perturbative helical vortex line with an extra knot and develop a theory to characterize its dynamics. A knot is a half-winding of vortex line. The inset in Fig.2 is an illustration of a knot. We then introduce knot operationÛ (φ(x)) = exp[iφ(x)·K] on a constant complex field z 0 = r 0 to generate a single knot, i.e.,Û (φ(x)) · z 0 = z(x) = r 0 e iφ(x) . HereK = −i d dφ is knot number operator and
where + denotes a clockwise winding and − denotes a counterclockwise winding. There is a linear relationship between φ(x) and x as φ(x) ∝ x−x 0 in the winding region of x 0 < x ≤ x 0 + a. We call the extended object unified linear knot. Thus, we obtain an anti-periodic boundary condition for the system, φ(x → ∞)−φ(x → −∞) = ±π. Under projection, we have the knot equation as Fig.2.(a) , the relation between the phase and the coordination of a unified linear knot is shown. It is obvious that there always exists a single knot solution for a linear unified knot.
The knot number can be obtained by the follow-
is a complex conjugation of z(x). In physics, K measures the total phase changing for a knot with half winding-number that can be regarded as an anti-phase domain wall in a 1D complex field z(x), i.e., K = 1.
The knot density (the density of crossings) and the density of winding-numbers are defined by ρ knot = K ∆x and ρ wind = 2ρ knot = 2K ∆x , respectively.
However, because knot comes from the winding of a helical vortex line, it is not a rigid object such as a soliton in a 1D complex field. Instead, it can split and be fragmentized. We then introduce the concept of "fragmentized knot" by breaking a knot into N pieces (N → ∞), each of which is an identical 
where Fig.2.(b) shows a fragmentized knot that splits into two pieces and Fig2.(c) shows a fragmentized knot that splits into three pieces. Fig.2.(d) is an illustration of a fragmentized knot that splits into infinite pieces. For each 1 N -knot, the knot number K is 1 N and the corresponding phase changing is ∆φ = π N . Thus, for a fragmentized knot, there also exists only a single knot solution and the knot number is conserved. At the limit of N → ∞, we have a uniform distribution of the N identical 1 N -knots. Emergent quantum mechanics for knots. We will show that knots can be regarded as quantum particles that obey emergent quantum mechanics and that the distribution of fragmentized knots can be tuned by controlling Kelvin waves.
Firstly, we point out that the probability of emergent quantum mechanics comes from projecting a helical vortex line via stochastic projected angle θ.
The measurement for emergent quantum mechanics is to project a perturbative helical vortex line via a given projection angle θ at time t. Because the system is rotating with extremely large angular velocity ω 0 , we cannot accurately fix a phase angle by doing projection at the scheduled time t = 2πn ω0 + φ 0 where n is an arbitrary integer number and φ 0 is a constant phase angle. Thus, in general, in the limit of ω 0 → ∞, the projection angles for the different projection processes become stochastic. We call it "fast clock" effect.
For stochastic projection process owing to "fast clock" effect, the probability for a fragmentized 1 N -knot is defined by the average of the projection angle. If there exists a knot solution at x(θ) for a given projection angleθ, we callθ the permitted projection angle; If there doesn't exist knot solution for a given projected anglẽ θ, we callθ the unpermitted projection angle. Thus, the probability of a fragmentized N -knot, the probability for finding a knot (a crossing between a helical vortex line and a straight line in its center) is just its knot number, i.e., 1 2π
As a result, if we ignore the contribution from background, the probability density for finding a knot n knot (x, t) = dθ is obtained as knot (x, t) . This result indicates that the probability density for finding a knot is equal to the knot density ρ knot (x, t).
Secondly, we point out that the function of the Kelvin wave with a fragmentized knot describes the distribution of the N identical 1 N -knots and plays the role of the wave function in emergent quantum mechanics as
and Ω(x, t) = ρ knot (x, t) ⇐⇒ n knot (x, t) where the function of the Kelvin wave with a fragmentized knot
becomes the wave function ψ(x, t) in emergent quantum mechanics; the angle ∆φ(x, t) becomes the quantum phase angle of the wave function; Ω(x, t) is equal to the knot density ρ knot and thus becomes the probability density for finding a knot n knot (x). The geometrical Kelvin waves turn into "probability wave" for finding knots and the functions of Kelvin waves become the wave functions.
Thirdly, we point out that in emergent quantum mechanics, the projected energy and the projected momentum become operators for a fragmentized knot.
The projected momentum of a fragmentized knot on helical vortex line with an excited Kelvin wave ψ(x, t) =
e −i∆ωt+i∆k·x is defined to be
where the effective Planck constant eff is obtained as the projected angular momentum of a knot
Given the superposition principle of Kelvin waves, a generalized wave function is ψ(x, t) = p c p exp(
). For an arbitrary wave function ψ(x, t), we have
This result indicates that the projected momentum for a fragmentized knot becomes operator p knot →p knot = −i eff e −i∆ωt+i∆k·x , the projected energy of a fragmentized knot is
that defines the same effective Planck constant eff = J knot = πr 2 0 ρsκ 2k0 . Using a similar approach, one can see that the projected energy for a fragmentized knot becomes operator
According to the linear dispersion of Kelvin waves ∆ω = c eff · ∆k and p knot = eff ∆k, E knot = eff ∆ω, the energy-momentum relationship is obtained as E knot = H(p knot ) = c eff p knot which determines the equation of motion for knots -the Schrödinger equation for quantum particles with one chirality
This is the pseudo-Schrödinger-equation for Kelvin waves! With help of Schrödinger equation, we can predict the spacial distribution of fragmentized 1 N -knots by varying the rotating velocity, ω 0 → ω 0 + ∆ω.
Finally, based on emergent quantum mechanics, we discuss wave-particle duality and uncertainty principle.
For emergent quantum mechanics, the wave-particle duality of quantum particles is related to fragmentized knot and Kelvin wave. On one hand, a knot is a sharp, fragmentized, topological phase changing and would become a "point" after projection. Thus, it shows particle-like behavior; On the other hand, the dynamic, smooth, non-topological phase changing from excited Kelvin waves shows wave-like behavior that is characterized by wave functions. In other words, the Kelvin waves look like pilot-waves [19] , on which each piece of fragmentized knot stays.
For emergent quantum mechanics, the uncertainty principle is related to the relationship between knots (quantum particles) and the distribution pattern of their fragments (quantum states of particles). On one hand, a uniform distribution of a fragmentized knot on a helical vortex line with an excited plane Kelvin wave ψ(x, t) = e −iω(k)t+ikx is described by a wave function of a plane wave with a fixed projected momentum p knot = eff k. For this case, we know the projected momentum of the knot but we do not know its position; On the other hand, a unified linear knot is really a special (unstable) distribution of fragmentized knot and can be regarded as a superposition state of ψ(x, t) ∼ k e −iω(k)t+ikx . For this case, we know the position of the knot but we do not know its projected momentum. Emergent quantum Fermionic model for knots. We develop an effective quantum Fermionic model for knots with one chirality (we assume right-hand chirality). First, we discuss the statistics of a knot. In quantum mechanics, particles with wave functions antisymmetric under exchange are called Fermions. To illustrate the Fermi statistics of knots, we define the Fermionic operator for knots as c † (x) =Û (φ(x)). It is obvious that the wave function's antisymmetry by exchanging two knots is a result of the π-phase changing nature of knots, i.e.,
. As a result, knots obey Fermi statistics, {c † (x), c † (x ′ )} = 0. For perturbative helical vortex line, the knot shows physical properties similar ro a 1D chiral Fermion on the edges of two-dimensional quantum Hall states, of which there exists one chirality, i.e.,Ĥ knot = c effpknot . The many-body Hamiltonian for a perturbative helical vortex line becomes
where ψ(x) = k c k e ikx . The corresponding Lagrangian density is given by L = iψ † (∂ t −c eff ∂ x )ψ. The elementary excitation of this model is a Fermionic knot that changes the total number of crossings by ±1. For a particle-like excitation, the projected energy is p knot c eff ; For a holelike excitation, the projected energy is −p knot c eff .
Physical realization. We address the issue of the physical realization of a perturbative helical vortex line in 4 He superfluid. We consider a rectilinear vortex line in SF that is stretched between opposite points on the system. Then, we rotate the vortex line around a given point with a rotating velocity ω 0 . According to the theory of Kelvin waves, the winding vortex line becomes a helical one that is described by r 0 e ik0·x−iω0t+iφ0 where
. As a result, in principle, we realize a perturbative helical vortex line.
We estimate the two physical constants, eff and c eff . The emergent Planck constant eff is defined by eff = In condensed matter physics, the idea of an "emergent" phenomenon has become increasingly popular. In the emergence approach, the low energy physics of a complicated quantum many-body system may be described by a certain quantum field theory. Different quantum fields correspond to different quantum many-body systems: the vacuum corresponds to the ground state and the elementary particles correspond to the excitations of the systems [20] . The philosophy of emergent physics in condensed matter physics is Quantum system A → Quantum system B.
However, this paper presents a new idea to construct an emergent "quantum world" in classical physics by projecting helical vortex lines. The elementary excitations of (projected) helical vortex lines are knots with a half winding-number that correspond to crossings between a helical vortex line and a straight line in its center. The statistics mechanics for knots is just quantum mechanics. Thus, emergent quantum mechanics and quantum field theory exist in this classical system. The philosophy of emergent physics in knot physics becomes Classical system A → Quantum system B.
Fig .3 shows the correspondence between classical mechanics for Kelvin waves and emergent quantum mechanics for knots. From the point of view of "geometry", the smooth deformation of a perturbative helical vortex line is a Kelvin wave that is described by classical mechanics without uncertainties; From the point of view of "topology", the topological deformation of the same system is an excited knot that is described by emergent quantum mechanics with probabilities and the Kelvin wave becomes "probability wave" for finding knots. The
Biot-Savart equation (pseudo-Schrödinger-equation) for Kelvin waves becomes Schrödinger equation for probability waves of knots and the classical functions for Kelvin waves become wave functions for knots. The effective theory of a perturbative helical vortex line becomes a traditional model of relativistic quantum field theory -a massless chiral Fermionic model. As a result, this work paves a new approach to simulating quantum many-body systems and may help researchers to understand the mystery in conventional quantum mechanics.
In the future, we will study the Kelvin waves and knot dynamics of a double helix vortex lines, of which the vortex lines wind each other. In addition, we will study the dissipation effect by considering finite temperatures.
